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Abstract
We introduce the notion of a partially selective ultrafilter and prove that (a) if G is an extremally disconnected topological group
and p is a converging nonprincipal ultrafilter on G containing a countable discrete subset, then p is partially selective, and (b) the
existence of a nonprincipal partially selective ultrafilter on a countable set implies the existence of a P -point in ω∗. Thus it is
consistent with ZFC that there is no extremally disconnected topological group containing a countable discrete nonclosed subset.
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A topological space is called extremally disconnected if closures of disjoint open subsets are disjoint. In this note
we discuss a well-known difficult question whether there is in ZFC a nondiscrete extremally disconnected topological
group [1]. Every such group contains an open Boolean subgroup [3] and all the examples have been constructed only
under additional set-theoretic assumptions [5,2,3,6,7].
In [7] it was proved that the existence of an extremally disconnected topological group containing a countable
discrete nonclosed subset implies the existence of a P -point in ω∗ and, consequently, cannot be established in ZFC.
In this note we give a stronger version of this result. We prove also a theorem about topological groups in which each
discrete subset is closed. However, the general case of the problem remains unsolved. All topologies are assumed to
be Hausdorff.
Let X be a set of cardinality κ . An ultrafilter p on X is called selective if for every partition {Aα: α < κ} of X, either
Aα ∈ p for some α or there exists A ∈ p such that |A ∩ Aα| 1 for all α. We introduce the following generalization
of this notion. An ultrafilter p on X is partially selective if there is E ⊆ [X]2 such that {x ∈ X: {y ∈ X: {x, y} ∈
E} ∈ p} ∈ p and for every partition {Aα: α < κ} of X, either Aα ∈ p for some α or there exists A ∈ p such that
[A ∩ Aα]2 ∩ E = ∅ for all α. As usual [X]2 = {Y ⊆ X: |Y | = 2}. Notice that if E = [X]2 witnesses that an ultrafilter
p on X is partially selective, then in fact p is selective.
A point of a topological space is called a P -point if the intersection of any countable family of its neighborhoods
is again its neighborhood. We shall deal with P -points in the space ω∗ = βω \ω. (Given any set X, βX is the Stone–
ˇCech compactification of X as a discrete space. We take the points of βX to be the ultrafilters on X and identify
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A = {p ∈ βX: A ∈ p}, where A ⊆ X. Every mapping f :X → Y has a unique continuous extension f β :βX → βY .
For every p ∈ βX, f β(p) is the ultrafilter on Y with a base consisting of subsets of the form f (A), where A ∈ p.)
A nonprincipal ultrafilter p on ω is a P -point in ω∗ iff for every partition {An: n < ω} of ω, either An ∈ p for some
n or there exists A ∈ p such that |A ∩ An| < ω for all n. Obviously, every nonprincipal selective ultrafilter on ω is a
P -point. It is consistent with ZFC that there are no P -points in ω∗ [4].
Lemma 1. Let X be a countably infinite set and let p be a nonprincipal partially selective ultrafilter on X. Then there
is a mapping f :X → ω such that f β(p) is a P -point in ω∗.
Proof. Without loss of generality, we may assume that for every x ∈ X, {y ∈ X: {x, y} ∈ E} ∈ p. Choose a decreasing
sequence (Xn)n<ω of subsets from p with X0 = X and a mapping ν :X → ω such that
x /∈ Xν(x) ⊆
{
y ∈ X: {x, y} ∈ E}.
Define f :X → ω by
f (x) = n if x ∈ Xn \Xn+1.
Then, obviously, f β(p) is a nonprincipal ultrafilter on ω. To prove that f β(p) is a P -point, let {An: n < ω} be any
partition of ω with An /∈ f β(p). Then {f−1(An): n < ω} is a partition of X with f−1(An) /∈ p. Since p is partially
selective, there exists A ∈ p such that
[
A∩ f−1(An)
]2 ∩E = ∅.
We claim that f (A)∩An is finite. Indeed, otherwise there exist x ∈ A∩ f−1(An) and y ∈ A∩ f−1(An)∩Xν(x), and
then {x, y} ∈ [A∩ f−1(An)]2 ∩E = ∅,—a contradiction. 
A subset D of a space X is called strongly discrete if for every x ∈ D there exists a neighborhood Ux of x ∈ X
such that the collection {Ux : x ∈ D} is pairwise disjoint. Every countable discrete subset of a regular space is strongly
discrete.
Lemma 2. Let X be an extremally disconnected space, let D be a strongly discrete subset of X, and let x ∈ cD \D.
Then there is exactly one ultrafilter on X containing D and converging to x.
Proof. Assume the contrary. Then there exist disjoint subsets A and B of D with x ∈ cA ∩ cB . For every y ∈ D
choose a neighborhood Uy such that the collection {Uy : y ∈ D} is pairwise disjoint. Put UA =⋃y∈A Uy and UB =⋃
y∈B Uy . Then UA and UB are disjoint open subsets of X with x ∈ cUA ∩ cUB ,—a contradiction. 
Theorem 3. Let G be an extremally disconnected topological group and let p be a converging nonprincipal ultrafilter
on G containing a strongly discrete subset of G. Then p is partially selective.
Proof. We can assume that p converges to 0. Let D be a strongly discrete subset of G with D ∈ p. For every x ∈ D,
choose a neighborhood Ux of 0 ∈ G such that the collection {x+Ux : x ∈ D} is pairwise disjoint. Put E = {{x, y}: x ∈
D, y ∈ Ux ∩D}.
Let |D| = κ and let {Aα: α < κ} be an arbitrary partition of D with Aα /∈ p. Every element x ∈ D belongs to some
subset Aαx of the partition. Consider the subset x + (Ux ∩ Aαx ) ⊂ x + Ux . Since Aαx /∈ p, x /∈ c(x + (Ux ∩ Aαx ))
by Lemma 2. So we can choose disjoint open subsets Px and Qx of x + Ux such that x ∈ Px and x + (Ux ∩ Aαx ) ⊂
Qx . Put P =⋃x∈D Px , Q =
⋃
x∈D Qx and F =
⋃
x∈D(x + (Ux ∩ Aαx )). Then P and Q are disjoint open subsets
of G, F ⊂ Q, and 0 ∈ cP . But then 0 /∈ cQ and so 0 /∈ cF . Choose neighborhoods V and W of 0 such that
V ∩ F = ∅ and W + W ⊆ V . Put A = D ∩ W . We claim that [A ∩ Aα]2 ∩ E = ∅. Indeed, otherwise there exist
x ∈ A ∩ Aα and y ∈ Ux ∩ A ∩ Aα . Then, on the one hand, x + y ∈ A + A ⊆ W + W ⊆ V and, on the other hand,
x + y ∈ x + (Ux ∩Aα) ⊆ F ⊆ G \ V ,—a contradiction. 
From Theorem 3, Lemma 1 and Shelah’s theorem [4] it follows:
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We now turn to the group topologies on the countably infinite Boolean group B in which each discrete subset is
closed, and even more generally, to the topologies which do not contain subsets with exactly one accumulation point.
Recall that a topological group G is called totally bounded if for every non-empty open U ⊆ G there exists a finite
F ⊆ G such that FU = G. A topological group G is totally bounded iff its completion G is compact.
Lemma 5. Every totally bounded topological Abelian group of finite period has a neighborhood base of zero consist-
ing of subgroups.
Proof. It suffices to observe that if G is a totally bounded topological Abelian group of finite period n, then G is
a compact topological Abelian group of period n and, consequently, G can be decomposed into a topological direct
product of finite groups. 
Lemma 6. Let τ be a metrizable totally bounded group topology on B. Then there is a decomposition B =⊕ω Z(2)
for which τ is the direct sum topology.
Proof. By Lemma 5, we can choose a base {Un: n < ω} of neighborhoods of 0 in τ such that it is a decreasing
sequence of subgroups with U0 = B. Let |Un :Un+1| = 2mn+1 . Choose U1-independent subset {an: n < m1} ⊂ U0,
then choose U2-independent subset {an: m1  n < m1 + m2} ⊂ U1 and so on. Then {an: n < ω} is an independent
generating subset of B and for the decomposition B =⊕n<ω〈an〉, τ is the direct sum topology. 
A non-empty subset of a topological space is called a P -set if the intersection of any countable collection of its
neighborhoods is again its neighborhood. Notice that every isolated point of a P -set is a P -point. In particular, every
point of a finite P -set is a P -point.
Given any filter ϕ on a set X, define the closed subset ϕ ⊆ βX by
ϕ =
⋂
{A: A ∈ ϕ}.
Observe that ϕ consists of all ultrafilters on X containing ϕ. Conversely, every non-empty closed subset of βX can be
represented in such a way.
Lemma 7. For a subset ϕ ⊆ ω∗ the following statements are equivalent:
(1) ϕ is P-set,
(2) for every decreasing sequence (An)n<ω of subsets from ϕ, there exists C ∈ ϕ such that |C ∩ (An \An+1)| < ω for
all n < ω,
(3) for every mapping f :ω → ω, either there exists C ∈ ϕ such that the mapping f |C is finite-to-one or there exist
p ∈ ϕ and C ∈ p such that f (C) is finite.
Proof. (1) ⇒ (2) Choose C ∈ ϕ such that C∗ ⊆⋂n<ω A∗n, where C∗ = C ∩ω∗.
(2) ⇒ (3) For every n < ω, put An = {x ∈ ω: f (x)  n}. If An ∈ ϕ for all n, then there exists C ∈ ϕ with finite
C ∩ (An \ An+1), so f |C is finite-to-one. If An /∈ ϕ for some n, then An /∈ p for some p ∈ ϕ, so C = ω \ An ∈ p and
f (C) is finite.
(3) ⇒ (1) Let (Un)n<ω be any sequence of neighborhoods of ϕ ⊆ ω∗. We can assume that Un = A∗n, A0 = ω and
An+1 ⊂ An. Define f :ω → ω by
f (x) = n if x ∈ An \An+1.
Then for every p ∈ ϕ and C ∈ p, f (C) is infinite. Hence, there exists C ∈ ϕ such that f |C is finite-to-one, then
C∗ ⊆⋂n<ω Un. 
Given a decomposition B =⊕ω Z(2) and 0 = x ∈ B, define min(x) and max(x) to be respectively the first and the
last number of non-zero coordinate of x.
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point and let ϕ be the neighborhood filter of zero in τ . Assume that τ can be weakened to a totally bounded group
topology. Then there is a decomposition B =⊕ω Z(2) for which τ can be weakened to the direct sum topology. For
every such decomposition, maxβ(ϕ) ⊂ ω∗ is a P -set. In particular, if the set maxβ(ϕ) is finite, then each of its points
is a P -point.
Proof. By Lemma 6, it suffices to prove that maxβ(ϕ) ⊂ ω∗ is a P -set. Notice that maxβ(ϕ) = max(ϕ) where max(ϕ)
denotes the filter on ω with a base consisting of subsets of the form max(U) = {max(x): 0 = x ∈ U}, where U ∈ ϕ.
Let f :ω → ω. Consider two cases.
Case 1: for every p ∈ ϕ \ {0} there exists Ap ∈ p such that f (max(x)) > min(x) for all x ∈ Ap . Put U =⋃{Ap: p ∈ ϕ}. Clearly that U is a neighborhood of 0 in τ . Choose a neighborhood V of 0 such that V + V ⊆ U .
We claim that f |max(V ) is finite-to-one. Indeed, assume the contrary. Then there exist m < ω and a sequence
(an)n<ω of elements in V such that max(an) < max(an+1) and f (max(an)) = m. So there exist n < k < ω such




)= f (max(ak + an)
)
> min(ak + an)m,
— a contradiction.
Case 2: there are p ∈ ϕ \ {0} and Ap ∈ p such that f (max(x))  min(x) for all x ∈ Ap . Let 0 = a be an accu-
mulation point of Ap . Then there exist q ∈ ϕ \ {0} and Aq ∈ q such that a + Aq ⊆ Ap and max(a) < min(x) for all




)= f (max(a + x))min(a + x) = min(a)
for all 0 = x ∈ Aq . Therefore f (max(Aq)) is finite.
Hence by Lemma 7, maxβ(ϕ) is a P -set. 
We do not know whether there is in ZFC any nondiscrete topological group in which each discrete subset is closed.
However, as distinguished from extremally disconnected topological groups (all of them contain an open Boolean
subgroup), the following result holds. Under Martin’s Axiom, every nondiscrete metrizable group topology on an
Abelian group can be strengthened to a nondiscrete group topology in which each nowhere dense subset is closed [8].
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